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The spectral characteristics of near-field thermal emission from nanoparticle arrays are 
explained by comparison to the dispersions for propagating modes.  Using the coupled dipole 
model, we analytically calculate the spectral emission from single particles, chains, planes, and 
3D arrays of SiO2 and SiC.  We show that the differences in their spectra are due to the existence 
or absence of propagating surface phonon polariton modes and that the emission is dominated 
by these modes when they are present.  This work paves the way for understanding and control 
of near-field radiation in nanofluids, nanoparticle beds, and certain metamaterials. 
 
At distances from a surface comparable to the 
characteristic thermal wavelength, near-field effects 
become significant and Planck’s theory of thermal 
radiation is no longer valid [1,2].  When two materials 
are separated by such distances, evanescent surface 
waves such as surface phonon polaritons (SPhPs) and 
surface plasmon polaritons (SPPs) can tunnel between 
them, opening additional modes for heat transfer [3].  
Many researchers have exploited this phenomenon to 
observe near-field radiation greater than the blackbody 
limit [4-12], which holds promise for applications in 
energy conversion, thermal management of electronics, 
near-field imaging, and nanomanufacturing [13]. 
When surface modes are spatially confined to 
structures such as nanopillars or nanoparticles they are 
considered “localized” SPhPs or SPPs. Coupling of 
these modes between neighboring structures could also 
lead to substantial energy/heat transport, which has 
been theoretically explored by several researchers [14-
24] and recently demonstrated experimentally in 
packed beds of silica nanoparticles [25].  To predict the 
SPhP or SPP contribution to thermal transport in 
systems of many nanoparticles, two methodologies 
have emerged:  calculating heat transfer by propagating 
SPhP or SPP waves along nanoparticle chains [14-19] 
and calculating particle-to-particle radiative exchanges 
considering many-body interactions [20-24].  It has also 
been suggested that the dispersion typically used for 
propagating SPhPs may play an important role in 
determining the modes of heat transfer in the absence of 
propagating waves [25].  Similar types of models exist 
for planar materials, and Shchegrov et al. [26] revealed 
their complementary nature by showing how 
propagating modes determine the spectrum of near-
field thermal emission calculated from the fluctuation 
dissipation theorem.  No such studies, however, have 
been performed for nanoparticle systems, and it remains 
unclear how collective effects may influence near-field 
emission from collections of nanoparticles.  In this 
Letter, we calculate the spectrum of near-field thermal 
emission from ordered arrays of polaritonic 
nanoparticles and compare it to the density of states 
found from dispersion relations.  Contrary to planar 
materials, we demonstrate that propagating modes 
lower and broaden the resonant peak in thermal 
emission, and we show that the emission characteristics 
are very different when propagating modes are present 
(in SiC systems) or absent (in SiO2 systems). 
We consider 𝑁 nonmagnetic spherical nanoparticles 
of radius 𝑎 much smaller than the characteristic thermal 
wavelength and center-to-center spacing 𝑑 ≥ 3𝑎, such 
that they may be modeled as electric dipoles [17,27-29].  
The nanoparticles are immersed in a transparent 
medium with relative permittivity 𝜀𝑚.  Following the 
example of Messina et al. [23], the spectral electric field 
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at a location 𝐫 emitted by the particles may be written 
in terms of the dyadic Green’s functions as 
 𝐄(𝐫) = 𝜇𝑜𝜔
2 ∑ 𝔾(0)(𝐫, 𝐫𝑗)𝐩𝑗(𝐫𝑗)
𝑗
 (1) 
where 𝐩𝑗 is the dipole moment of the 𝑗th nanoparticle.  
The free-space Green’s function is 
 
𝔾(0)(𝐫, 𝐫𝑗) =
exp(𝑖𝑘𝜌)
4𝜋𝜌
[(1 +
𝑖𝑘𝜌 − 1
𝑘2𝜌2
) 𝟙
+
3(1 − 𝑖𝑘𝜌) − 𝑘2𝜌2
𝑘2𝜌2
?̂?⨂?̂?] 
(2) 
where 𝑘 = 𝜔√𝜀𝑚/𝑐, 𝝆 = 𝐫 − 𝐫𝑗, and 𝜌 = |𝝆|.  Each 
dipole moment 𝐩𝑗 = 𝐩𝑗
(fl)
+ 𝐩𝑗
(ind)
 is split into a part 
due to thermal fluctuations and a part induced by the 
fields from other nanoparticles.  The induced part can 
be written using the coupled dipole method [30] as 
 𝐩𝑗
(ind) = 𝜀0𝛼𝑗𝜇0𝜔
2 ∑ 𝔾𝑗𝑘
(0)
𝐩𝑘
𝑘≠𝑗
 (3) 
Here 𝛼𝑗 is the nanoparticle polarizability and the 
location dependence 𝔾(0)(𝐫𝑗, 𝐫𝑘) is written as 𝔾𝑗𝑘
(0)
 for 
brevity.  By combining and rewriting these equations in 
matrix form, we can express the total dipole moments 
of all particles as 
 (
𝐩1
⋮
𝐩𝑁
) = 𝔸−1 (
𝐩1
(fl)
⋮
𝐩𝑁
(fl)
) (4) 
The 3𝑁× 3𝑁 matrix 𝔸 has 𝑁×𝑁 elements 𝔸𝑗𝑘 with 
𝑗, 𝑘 = 1, … , 𝑁 and each 𝔸𝑗𝑘 consisting of a 3 × 3 tensor 
defined by 
 𝔸𝑗𝑘 = 𝛿𝑗𝑘𝟙 − (1 − 𝛿𝑗𝑘)
𝜔2
𝑐2
𝛼𝑗𝔾𝑗𝑘
(0)
 (5) 
Inserting Eq. (4) into Eq. (1) yields the electric field 
produced by a collection of nanoparticles in terms of the 
fluctuating part of their dipole moments 
 𝐄𝐫 = ∑𝔹𝐫𝑗𝐩𝑗
(fl)
𝑗
  (6) 
where 
 (𝔹𝐫 1 … 𝔹𝐫 𝑁) = 𝜇0𝜔
2(𝔾𝐫 1
(0)
… 𝔾𝐫 𝑁
(0) )𝔸−1 (7) 
We can now write the quantity of interest, the spectral 
density of emitted energy by the collection of 
nanoparticles, as 
 
𝑢 =
𝜀𝑚𝜀0
2
〈𝐄𝐫 ∙ 𝐄𝐫
⋆〉
=
𝜀𝑚𝜀0
2
∑ ∑ 𝔹𝐫𝑗,𝛼𝛽 𝔹𝐫𝑘,𝛼𝛾
⋆  〈𝑝𝑗,𝛽
(fl)𝑝𝑘,𝛾
(fl)⋆〉
𝛽𝛾𝑗𝑘
 
(8) 
Here the Greek letters are indices 1, 2, 3 and represent 
the Cartesian components of the vector quantities.  The 
fluctuation dissipation theorem gives the relation 
between the fluctuating dipole moments [21] 
 〈𝑝𝑗,𝛽
(fl)𝑝𝑘,𝛾
(fl)⋆〉 = 2
𝜀0
𝜔
Im(𝛼𝑗)Θ(𝜔, 𝑇𝑗)𝛿𝑗𝑘𝛿𝛽𝛾 (9) 
where the mean energy of a harmonic oscillator is 
Θ(𝜔, 𝑇) = ℏ𝜔/[exp (ℏ𝜔/𝑘𝐵𝑇) − 1].  The fluctuation 
dissipation theorem allows us to obtain a final 
expression for the spectral density of emitted energy 
𝑢(𝐫, 𝜔) =
𝜀𝑚𝜀0
2
𝜔
∑[Tr(𝔹𝐫𝑗𝔹𝐫𝑗
† )Im(𝛼𝑗)Θ(𝜔, 𝑇𝑗)]
𝑗
 (10) 
This equation gives an explicit analytical method of 
calculating the fields at any location produced by 
arbitrarily arranged groups of nanoparticles knowing 
only their dielectric functions (expressed through the 
polarizability), temperatures, and the permittivity of the 
medium.  It should be noted, however, that the size of 
matrix 𝔸 scales as (3𝑁)2, which leads to computational 
challenges for large, three-dimensional particle 
systems. 
 
FIG. 1.  Nanoparticle arrangements used for calculating near-field 
thermal emission.  (a) Single particles, (b) chains, (c) planes, and (d) 
3D crystals with spacing 𝒅 = 𝟑𝒂 are considered.  In each case, the 
emitted spectral energy density is calculated one diameter above the 
center particle as indicated by the star.  Particles were added to each 
system (b-d) until the resulting spectra converged with less than 1% 
change at every frequency. 
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 Nanoparticle arrays of SiO2 and SiC in four different 
arrangements, as shown in Fig. 1, are analyzed in this 
work.  Single particles, chains, planes, and simple cubic 
three-dimensional systems are considered.  The radius 
and spacing of all nanoparticles are 𝑎 = 25 nm and 𝑑 = 
75 nm, and all particles are at a constant temperature of 
500 K.  The location for the calculated local energy 
density is one diameter above the middle of the center-
top nanoparticle as indicated by the stars in Fig. 1.  To 
select the number of particles used for each material and 
geometry, particles were repeatedly added to the system 
until the resulting spectra changed by less than 1% for 
every frequency.  Both SiO2 and SiC support SPhPs 
with resonances in the Reststrahlen band between the 
transverse and longitudinal optical phonon frequencies.  
For amorphous SiO2 there are two Reststrahlen bands, 
and the dielectric function is modeled using data from 
Palik [31] with 𝜔𝑇𝑂,1 = 87 Trad/s, 𝜔𝐿𝑂,1 = 95 Trad/s, 
𝜔𝑇𝑂,2 = 202 Trad/s, and 𝜔𝐿𝑂,2 = 234 Trad/s.  For SiC, 
the dielectric function is well-described by the Lorentz 
model 
 𝜀(𝜔) = 𝜀∞ (1 +
𝜔𝐿𝑂
2 − 𝜔𝑇𝑂
2
𝜔𝑇𝑂
2 − 𝜔2 − 𝑖𝜔Γ
) (11) 
with 𝜀∞ = 6.7, 𝜔𝑇𝑂 = 149 Trad/s, 𝜔𝐿𝑂 = 182 Trad/s, 
and Γ = 0.892 Trad/s [31].  With the dielectric function 
and the permittivity of the surrounding medium, each 
nanoparticle’s polarizability can be expressed as [27] 
 𝛼0(𝜔) = 4𝜋𝜀𝑚𝑎
3 (
𝜀(𝜔) − 𝜀𝑚
𝜀(𝜔) + 2𝜀𝑚
) (12) 
which is corrected for radiation damping by 
 𝛼(𝜔) = (
1
𝛼0(𝜔)
−
𝑖𝑘3
6𝜋𝜀𝑚
)
−1
 (13) 
We have also checked the quadrupole contributions to 
polarizability [24] and found these to be negligible for 
all systems considered here. 
 With these geometries and dielectric functions in 
hand, the spectral energy density of emitted near-field 
thermal radiation is calculated with Eq. (10) and shown 
in Fig. 2 for particles in a medium with 𝜀𝑚 = 4, which 
was selected by maximizing the emission in the SiC 
case.  For SiO2 nanoparticles, resonances are seen in the 
two Reststrahlen bands, and the peaks rise as 
dimensions are added to the nanoparticle arrays.  The 
increase and broadening of the peaks suggest additive 
effects and the absence of long-range coupling as more 
particles are added around the central location, which is 
further supported by low convergence requirements: the 
spectra converged for a 5-particle chain, 7 × 7-particle 
plane, and a 7 × 7 × 4-particle 3D array.  In contrast, 
the thermal emission from SiC nanoparticles changes 
significantly as the system is changed from a single 
particle to a chain, plane, or 3D array of particles.   The 
peak height reduces by about 1/2 of its single-particle 
value and splits to form multiple peaks covering a 
broader spectral region.  Additionally, SiC has much 
higher convergence requirements:  15 particles in a 
chain, 17 × 17 particles in a plane, and 17 × 17 × 9 
 
 
FIG. 2.  Spectral energy density of emitted near-field thermal 
radiation from (a) SiO2 nanoparticles and (b) SiC nanoparticles in a 
medium with 𝜺𝒎 = 4.  Geometries of particle arrangements 
correspond to those shown in Fig. 1.  The increase and broadening 
of peaks for SiO2 suggests additive effects without strong coupling, 
while the change in geometry and higher convergence requirements 
(shown in the legends) for SiC indicates long-range coupling and 
dispersive behavior. 
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particles in a 3D array.  This indicates long-range 
coupling and dispersive type behavior that is absent in 
the SiO2 nanoparticle systems. 
 To better understand the differences between these 
materials and confirm that the emission characteristics 
of many-particle SiC systems are due to dispersive 
effects, we compare these spectra to the SPhP 
dispersion relations for nanoparticle chains.  For an 
infinite chain of nanoparticles acting as point dipoles, 
the dispersion relation can be written in polylogarithm 
form as [32] 
0 = 1 +
𝛼
4𝜋𝜀𝑚𝑑3
× 
{[𝐿𝑖3(𝑒
𝑖(𝜔/𝑣+?̃?)𝑑) + 𝐿𝑖3(𝑒
𝑖(𝜔/𝑣−?̃?)𝑑)]
−
𝑖𝜔𝑑
𝑣
[𝐿𝑖2(𝑒
𝑖(𝜔/𝑣+?̃?)𝑑) + 𝐿𝑖2(𝑒
𝑖(𝜔/𝑣−?̃?)𝑑)]
− (
𝜔𝑑
𝑣
)
2
[𝐿𝑖1(𝑒
𝑖(𝜔/𝑣+?̃?)𝑑) + 𝐿𝑖1(𝑒
𝑖(𝜔/𝑣−?̃?)𝑑)]} 
(14) 
and 
 
0 = 1 −
𝛼
2𝜋𝜀𝑚𝑑3
× 
{[𝐿𝑖3(𝑒
𝑖(𝜔/𝑣+?̃?)𝑑) + 𝐿𝑖3(𝑒
𝑖(𝜔/𝑣−?̃?)𝑑)]
−
𝑖𝜔𝑑
𝑣
[𝐿𝑖2(𝑒
𝑖(𝜔/𝑣+?̃?)𝑑) + 𝐿𝑖2(𝑒
𝑖(𝜔/𝑣−?̃?)𝑑)]} 
(15) 
for the transverse and longitudinal modes, respectively, 
where 𝑑 is the center-to-center spacing, 𝑣 = 𝑐/√𝜀𝑚, ?̃? 
is the complex SPhP wavevector, and 𝐿𝑖𝑛(𝑧) is the 
polylogarithm of order 𝑛.  Because the wavevector is 
taken as complex, the imaginary part yields the 
propagation length (1/𝑒 length) Λ = [2ℑ(?̃?)]−1 of the 
SPhP waves traveling along the chain.  These 
polylogarithm dispersion relations can be solved 
numerically with computational packages such as 
MATLAB, and the resulting dispersions and 
propagation lengths for chains of 50 nm diameter SiO2 
 
FIG. 3.  Dispersion relations (a, c) and propagation lengths (b, d) for infinite chains of SiO2 (a, b) and SiC (c, d) 
nanoparticles in 𝜺𝒎 = 4.  Particles are 50 nm diameter with spacing 𝒅 = 75 nm.  The propagation lengths for SiO2 
are smaller than the center-to-center particle spacing, indicating that these modes cannot propagate.  SiC, however, 
exhibits propagation lengths that span multiple particles. 
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and SiC with 𝑑 = 75 nm in 𝜀𝑚 = 4 are plotted in Fig. 
3.  The dispersions for SiO2 in Fig. 3(a) and SiC in Fig. 
3(c) do not immediately indicate a strong difference 
between these materials, but their propagation lengths 
differ significantly.  For SiO2 as shown in Fig. 3(b), 
propagation lengths are shorter than the center-to-center 
particle spacing, demonstrating that these modes cannot 
exist because they do not propagate along the chain.  
For SiC as shown in Fig. 3(d), however, the longest 
propagation lengths span multiple particles.  The 
difference in propagation lengths is due to the higher 
damping (shorter lifetime) of SiO2 compared to SiC 
[31,33].  This confirms that chains of SiC particles do 
indeed display dispersive SPhP behavior as indicated by 
the calculations of near-field thermal emission. 
 To further investigate the relation between the 
spectral energy density of thermal emission and 
propagating SPhPs in SiC particle systems, we compare 
the density of states (𝐷𝑂𝑆) calculated from the 
dispersion relation, which represents only the 
propagating SPhP modes, to the total emission 
spectrum given by Eq. (10), which represents the 
propagating SPhP modes and all other modes present.  
Because 𝐷𝑂𝑆 describes the number of modes supported 
at a certain frequency, one would expect a high 𝐷𝑂𝑆 
where there is a peak in thermal emission if propagating 
SPhPs drive the emission characteristics.  𝐷𝑂𝑆 is 
calculated directly from the dispersion relation as 
𝐷𝑂𝑆 = [𝜋 𝜕𝜔/𝜕𝑅𝑒(?̃?)] −1.  There are two degenerate 
transverse modes and one longitudinal mode, so we use 
𝐷𝑂𝑆 = 2(𝐷𝑂𝑆𝑡𝑟𝑎𝑛𝑠) + 𝐷𝑂𝑆𝑙𝑜𝑛𝑔 and plot both 𝐷𝑂𝑆 
and the spectral energy density of thermal emission 
from Eq. (10) in Fig. 4 for SiC particle chains.  Three 
different medium permittivities are compared to see if 
the thermal emission tracks changes in 𝐷𝑂𝑆.  We see 
excellent agreement in both the peak shapes and 
locations, which strongly supports our initial hypothesis 
that the emission from SiC particle arrays is dominated 
by propagating SPhP modes. 
 It is not surprising that the characteristics of 
collective thermal emission in the near-field from 
nanoparticle arrays is largely driven by propagating 
SPhP modes when they are present; the same is true for 
emission in the near-field from flat surfaces [26].  
However, propagating SPhPs on flat surfaces result in a 
single, sharp peak in thermal emission due to the very 
high 𝐷𝑂𝑆 at almost a single frequency.  For ordered 
nanoparticle arrays on the other hand, we have shown 
that propagating modes lead to splitting and a decrease 
in intensity of the resonance peak in thermal emission 
compared to single nanoparticles.  These spectral 
characteristics are due to interference and phase effects 
between neighboring particles governed by the 
dispersion of propagating SPhP waves.  When 
propagating modes are absent, as in SiO2 nanoparticle 
arrays, collective effects are additive around the 
resonance frequency of a single particle.  Interference 
effects no longer cause a splitting of the resonance 
peaks, because long-range modes are not supported and 
the emissions from neighboring particles do not 
strongly influence each other.  This leads to an increase 
in energy density at that frequency and an effective 
increase in 𝐷𝑂𝑆 of the system.  These results lend 
insight to the radiative heat transfer mechanisms in 
nanofluids, nanoparticle beds, and metamaterials that 
contain repeated resonators, and they could help explain 
recent experimental results [25].  Much of the past 
research has focused on heat transfer by propagating 
modes only, but particle-to-particle radiation may 
become much more important when propagating modes 
are absent.  Because polaritonic nanoparticles could 
also be used as near-monochromatic IR sources [34], 
these results also give an important understanding of 
 
FIG. 4.  Total spectral energy density of near-field thermal emission 
(top) compared with the density of states (𝑫𝑶𝑺) of propagating  
SPhPs from the dispersion relation (bottom) for chains of SiC with 
𝒂 = 25 nm and 𝒅 = 75 nm for three medium permittivities.  𝑫𝑶𝑺 
is taken as 𝟐(𝑫𝑶𝑺𝒕𝒓𝒂𝒏𝒔) + 𝑫𝑶𝑺𝒍𝒐𝒏𝒈 because there are two 
degenerate transverse modes.  Breaks in the 𝑫𝑶𝑺 lines are due to 
the fact that the transverse and longitudinal dispersions span 
different frequency ranges (see Fig. 3c).  The excellent qualitative 
agreement indicates that near-field thermal emission from SiC 
chains is dominated by propagating SPhPs. 
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how their emission spectra changes when collective 
effects become important. 
 In summary, we have illustrated that the near-field 
emission spectrum from ordered nanoparticle arrays is 
dictated by the density of states of propagating SPhPs 
when they are present.  Contrary to planar surfaces, 
propagating modes decrease and broaden the peak of 
thermal emission from nanoparticle arrays, and the 
absence of propagating modes causes an increase in the 
peak of thermal emission.  Additional work should 
focus on understanding whether disorder can disrupt 
these propagating modes to gain better control over 
thermal emission as well as investigate the impacts of 
nanoparticle size and multipolar effects. 
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